Bilayer hexagonal borophene, which is bound together through pillars, is a novel topological semimetal. Using density functional theory, we investigate its electronic band structure and show that it is a Dirac material which exhibits a nodal line. A tight-binding model was constructed based on the Slater-Koster approach, which accurately models the electronic spectrum. We constructed an effective four-band model Hamiltonian to describe the spectrum near the nodal line. This Hamiltonian can be used as a new platform to study the new properties of nodal line semimetals. We found that the nodal line is created by edge states and is very robust against perturbations and impurities. Breaking symmetries can split the nodal line, but cannot open a gap.
I. INTRODUCTION
Newly discovered Dirac [1, 2] , Weyl [3] [4] [5] [6] , and nodal line semimetals (NLS) [7] [8] [9] have resulted in novel states of matter. NLSs can be considered as precursor states for other topological states intermediate between insulators and metals. The valence and conduction bands in topological semimetals touch at either discrete points or extended lines, forming respectively Dirac or Weyl semimetals and NLSs. Topologically nontrivial surface states are one of the characteristic features of topological insulators that are protected by time reversal symmetry. Band degeneracy points or lines in topological semimetals are also protected by symmetries and are thus robust against external perturbations. Recently, alongside the traditional topological insulators, topological semimetals have attracted tremendous research interest.
NLSs are observed in several bulk materials, such as body-centered orthorhombic C 16 [10] and hcp alkali earth metals [11] and, recently, also in some two-dimensional (2D) materials [12] like black phosphorus under pressure [13] . It turns out that there are many materials showing these topological states, ranging from hyper-honeycomb lattices [14] and 3D-honeycomb lattices [15] to high-temperature superconductors [16, 17] and nearly flat drumhead-like surface states [18] . There are a number of reports of the existence of two concentric Dirac nodal loops centered around one point in reciprocal space [19] or a single nodal line as found in CaP 3 [20] , Ca 3 P 2 [21] , and (Tl, Pb)TaSe 2 [22] .
Several novel properties have been predicted for NLSs, including special collective modes [23] and unique Landau levels [24] . The nodal line structure can also be considered as a precursor state for different topological states. For instance, a NLS can be converted to Weyl nodes [25] [26] [27] [28] by taking spinorbit coupling into account, or nodal rings can evolve into * mohammad.nakhaee@uantwerpen.be † saketabi@du.ac.ir ‡ francois.peeters@uantwerpen.be Dirac nodes, converting the NLS into a topological insulator by opening a gap [29] .
Two-dimensional (2D) materials have also attracted the interest of scientists because of the possibility of applications in high-speed nanodevices due to their special electronic properties. The realization of 2D topological semimetals will provide new platforms for the design of novel quantum devices at the nanoscale. In contrast to three-dimensional topological Dirac semimetals, the nodal lines in many 2D materials such as monolayer hexagonal lattices [30] and honeycomb-kagome lattices [12] are protected by mirror symmetry and require negligible spin orbit coupling [31] . Notwithstanding the lack of experimental realization of such structures up to now, there is still a need to predict new 2D materials with nodal lines that can be fabricated.
Recently, 2D boron sheets (called borophene) have been successfully synthesized on a silver crystal by vapor deposition [32] [33] [34] [35] [36] . The boron-based materials show different metallic [37] , semimetallic [38] , and semiconducting [39] behaviors. Boron atoms have four available orbitals with three occupied valence electrons, and because of electrondeficiency can form both covalent and ionic bonds. Various allotropes of boron-based structures can be formed such as clusters, nanotubes, 2D structures, and bulk materials [40] [41] [42] . Figure 2 shows the structure of bilayer borophene that are bound together by pillars. This structure, containing six atoms per primitive unit cell, is called 6B:P 6mmm, in which P 6mmm stands for space group 191 included in the hexagonal crystal system. Using density functional theory (DFT) and a global minimum search optimization method we are able to investigate stable 2D bilayer borophene. Phonon dispersion calculations reveal that this structure is dynamically stable [43] and therefore has the potential to be successfully synthesised for practical applications. The hexagon unit cell includes six atoms, and the vectors a and b are the translational unit cell vectors that make a 120 degree angle. In the center of the unit cell there are two atoms that form a pillar between the two layers. Most importantly, the 6B:P 6mmm structure exhibits a Dirac nodal line with a Fermi velocity comparable to that of graphene. It should be noted that the authors of Ref. [43] only plotted the ban -structure along some specific k paths, which is not sufficient to find out the shape of the energy surface in 3D. We plotted the band structure in 3D and found that the reported Dirac cones are only two points from a Dirac nodal line. Figure 1 illustrates the 3D plot of the band structure of 6B:P 6mmm calculated by DFT near the Fermi level in the K point.
Efforts to search for potentially stable boron-based sheets with low energy and novel electronic properties are of great interest. In this paper, we report on Dirac nodal line fermions in 6B:P 6mmm borophene bilayer based on first principles calculations, and we construct a tight-binding model via the Slater and Koster (SK) method [44] to reproduce the band energies calculated by DFT. The SK scheme is a powerful method based on the linear combination of atomic orbitals (LCAO) method. The Dirac nodal line in 6B:P 6mmm forms a loop centered around the K point in reciprocal space with dispersion in energy. Also we present a four-band effective low-energy Hamiltonian to describe the nodal line, which can be used as a platform to study the novel physical properties of such two-dimensional Dirac nodal semimetals. Our results provide opportunities to understand the nodal line structure and its corresponding surface states and can be used to realize high-speed spinless devices.
II. ELECTRONIC STRUCTURE USING DFT
The electronic properties of 6B:P 6mmm are investigated by first-principles calculations using the OPENMX package [45] . Atomic structure relaxations and calculations of electronic band-structure were performed within the linear combination of pseudo-atomic orbitals (LCPAO) method [46] . Structure relaxations were carried out with the thershold 10 −5 eV/A for the maximum value of the forces between the boron atoms. The generalized gradient approximation was applied for the exchange-correlation energy using the Perdew, Burke, and Ernzerhof (PBE) functional [47, 48] After structure relaxation the lattice constant was calculated as |a| = |b| = 2.85Å with θ ab = 120
• , which are in agreement with a recent work [43] . This structure includes two honeycomb lattices at the top and the bottom layers which are connected through pillars. Thus the two layers of bilayer borophene are chemically bound together, in contrast to bilayer graphene which is held together by only weak van der Waals forces. After optimizing the atomic positions, one finds the distances R 1 = 1.65Å, R 2 = 2.85Å, R 3 = 1.89Å, and R 4 = 1.70Å. The band structure of 6B:P 6mmm is displayed in Fig. 3 . The contributions of the orbitals s, p x , p y , and p z are shown by different colors. Blue and red circles illustrate the location of two Dirac cones, which are related to the electrons and holes, respectively. The nodal line is created by the intersection of two Dirac cones formed by the p z orbital centered at the point K in the Brillouin zone.
III. TIGHT-BINDING MODEL AND COMPARISON WITH DFT CALCULATIONS
For future purposes we develop a tight-binding (TB) model to reproduce the DFT band energies. We include the potentials of atoms on each layer, which can be only sensed by the neighboring atoms in the same layer, and electrons can hop between layers only through the pillars. To construct a TB model we consider the following matrix elements [49] :
Here H is the single-electron Hamiltonian and S is the overlap matrix resulting from the nonorthogonal basis functions [50] [51] [52] . The integrals are evaluated over the unit cell in real space and i and ν run over all atoms in the unit cell and the orbitals s, p x , p y , and p z , respectively. The eigenenergy 115413-2 
The interatomic matrix elements are found by fitting the known band energies [53] . 
Note, one should use the rule of angular quantum number, l|H |l = (−1) l+l l |H |l , to evaluate the complexconjugate hopping matrix elements. In Eq. (4) n i is the directional cosines defined by the following equation:
where r is the vector along the corresponding bond and i runs over different Cartesian directions (x, y, and z). For the overlap matrix the corresponding expressions can be found by replacing H by S and v by s in Eq. (4). The unknown parameters are determined by a best fitting of the energy bands that are obtained by the DFT method. We calculate the values of the eight integrals up to distances of the three nearest-neighbor sites in each layer and for the pillars between layers. 6B:P 6mmm lattice is a structure with a basis of six boron atoms. We assume a basis containing one atomic-like s and three p x , p y , and p z orbitals per atom, which generates a band structure with 24 bands. However, we will concentrate on finding a satisfactory fitting for the first 11 bands. To calculate the TB Hamiltonian by using the eight Slater-Koster integrals, one needs the distances and the directional cosines in Eq. (4) for the different bonds, which we obtained from DFT. The distances between the boron atoms, R i , corresponding to different types of bonds are shown in Fig. 2 .
Using the Levenberg-Marquardt nonlinear fitting algorithm [54] we find the optimal Hamiltonian and overlap matrices. The Slater-Koster coefficients for the differrent boron-boron bonds are given in Table I and the on-site energies for the boron atoms in Table II . The full Hamiltonian and overlap matrices are given in Supplemental Material [55] . Using Eq. (4) with the coefficients presented in Tables I  and II , one obtains the band structure shown in Fig. 4 , which is compared to the band energies calculated by DFT. We made sure that the band structure is most accurately reproduced for energies in a wide range around the Fermi energy. The tightbinding model can explain the band-structure calculated by DFT below the Fermi level, because the formalism is based on filled orbitals and the core electrons. The presented model provides us with a good fitting in any k point in the whole Brillouin zone below the Fermi level.
IV. EFFECTIVE LOW-ENERGY HAMILTONIAN
The hexagonal Brillouin zone of 6B:P 6mmm has two inequivalent corners K and K . The four branches of its electronic spectrum form two Dirac cones at each K point at different energies (see blue and red circles in Fig. 3 ). Figure 5 shows the contour plot of the conduction and valence bands near the K point. To recover the nodal line it is necessary to include the trigonal warping. As is apparent from the K point, we use an effective mass and group velocity dependent Hamiltonian model. Using unitary transformation, the effective 4 × 4 model Hamiltonian near the K point can be expressed in the following form [56] [57] [58] :
where = p x + ip y . m e(h) , V , and ν e(h) are, respectively, the effective mass, perpendicular electric field, and the group velocity of electrons and holes related to conduction and valence bands. The nodal line is formed by the intersection of two Dirac cones, which are located above and below the Fermi level. The Dirac cones are related to the top and bottom honeycomb lattice layers and the energy shift between them is 2λ. As is evident from Eq. (5) the block related to electrons is shifted by λ and for holes it is shifted by −λ. The dot-dashed line in Fig. 4 shows the bands calculated by the four-band model. The energy bands and the velocities calculated by the low-energy Hamiltonian are more accurate near the Fermi level but start to deviate from the DFT results further away from the Fermi energy, and it is noticeable that its validity is restricted to a region close to the K point and for small Figure 6 shows a 3D plot of the valence and conduction bands as obtained from the Hamiltonian (5) .
By defining k x = k cos ϕ and k y = k sin ϕ we find the eigenvalues for the case V = 0:
The intersection between the two bands defines the equation for the nodal line. After some simplifications we obtain the nodal line k as a function of ϕ:
This nodal line is presented in Fig. 6 by the red curve. The difference between maximum and minimum energy of the nodal line is 0.18 eV. Also in β12 borophene there are two Dirac cones and a nodal line, which, however, has a 2.2 eV dispersion in energy near the Fermi level, much larger than in our case [59] . Note that the different trigonal warping for valence and conduction bands is responsible for the breaking of the isoenergetic line and leads to the formation of a nonflat nodal line with dispersion in energy.
One can find the velocities of electrons in conduction and valence band at the nodal line by taking, respectively, the derivatives of Eqs. (6) and (7) with respect to k. The equation gives us two different velocities, which are related to the electrons inside (i.e., holes) and outside (i.e., electrons) the nodal line. Figure 7 shows the velocities of electrons in 6B:P 6mmm and graphene as a function of ϕ, which reveals that the velocity of electrons is comparable to that of graphene. Note the difference between the position of the minima and maxima of the two velocities, which is related to the difference in the trigonal warping directions shown in Fig. 5 . 
V. THE EFFECT OF BREAKING SYMMETRIES
Topologically nontrivial states of crystals have attracted a lot of interest. Of particular interest are Dirac nodal line semimetals (DNLS) and Weyl nodal line semimetals (WNLS) [60] . The 6B:P 6mmm structure as a DNLS may be considered as a starting point for generating many other topological states. They can be identified by their Chern number, which is a topological invariant preserved under homeomorphism. Berry phase in quantum mechanics is a geometric phase that is connected to the concept of Chern number. The Berry phase ascribes a phase factor to every path in reciprocal space. The closed-path Berry phase can be physically expressed for each energy band as follows:
where
is a singular vector field known as the Berry potential, which is gauge dependent. To determine the Chern number of a given band, we integrate the Berry potential over a closed path, and the Chern number is then given by C n = γ n /2π . For the low-energy band we have the eigenstates analytically, and we calculate the gradient of them and find the Berry potential. Figure 8(a) shows the Berry potential calculated for the valence band around the K point. The color gives the magnitude of the vector field while the arrows indicate the direction. Vortices in the plot reveal the singularities in the vector field. After integrating over a closed path we found the Chern number for every band below the Fermi level to be C n = 1. After summation over the filled bands we found Chern number C = 2. This is very different from the massless Dirac Hamiltonian [see Fig. 8(b) ] which has C = 0 or the massive Dirac Hamiltonian with a fractional Chern number
To show the robustness of the nodal line we investigate how breaking inversion or time reversal leads to a splitting of the nodal line, which does not open a gap. Tje Zeeman field as a real gauge separates the nodal line, and the bands will touch and do not cross each other. Despite the splitting of the nodal line, the system will be gapless. Because the nodal line in this system is not flat and has dispersion in energy, we do not find any forbidden energy level.
Also, we investigated whether pseudo gauge fields can open a gap or not. We found that uniform uniaxial strain could not open any gap or split the nodal line, and only moves the position of the nodal line. Also, nonuniform strain, which is a good candidate for gap engineering, can not split the nodal line. Spin orbit coupling (SOC) in our system does not play a significant role because boron is a light atom. Inducing SOC, we found only a splitting of 0.8 meV. In light of recent interest in topological states, it is of interest to make a comparison between the sheet and its ribbon and look for the origin of the nodal line. Figure 9 illustrates the zigzag nanoribbon. We study two nanoribbons with 22 and 62 atoms in the unit cell. The edges of ribbons are passivated with hydrogen atoms. Figure 10(a) shows the band structure of the nanoribbon, including 22 atoms, along the path between and X. The marked cross points with zero energy are equivalent to the nodal line of our 2D sheet. The eigenstates [ n,k (R)] for the crossing bands are presented in Figs. 10(b) and 10(c) for the nanoribbon, including 22 and 62 atoms, respectively. The contribution of the edge states is shown by the color coding in Fig. 10(d) . The covalent bonds between borophene layers cause a strong in-plane interaction and consequently the edge states are mixed with the bulk states, which can also be seen in Figs. 10(b) and 10(c). Notice that these states are edge states and they play an important role in forming the nodal line. A similar situation was recently found in the flat semimetal B 2 C [61] . Although there is no proof of the relation between edge states and Chern number, it is widely accepted that the Chern number is equivalent to the number of gapless edge states. As shown in Fig. 10(d) , there are two gapless edge states in the band structure of bilayer borophene which cross at the Fermi level.
VI. SUMMARY
To obtain the electronic band structure of bilayer hexagonal borophene 6B:P 6mmm we applied density functional theory. In contrast to graphene, which exhibits a Dirac point, we found a nodal line, which is the most dominant characteristic of the band structure of 6B:P 6mmm as a topological semimetal. 6B:P 6mmm exhibits high-speed Dirac electrons whose velocity is comparable to the Fermi velocity of electrons in graphene.
Based on the Slater-Koster approach, a tight-binding model was constructed that gives a close fit to the DFT results. In order to describe the nodal line, we constructed an effective 4 × 4 low-energy model Hamiltonian near the K point and presented an analytical equation for the nodal line as a function of azimuthal angle around the center of the nodal line. The nodal line in the spectrum is a result of two interpenetrating Dirac cones. Due to the different trigonal warping of the electron and hole Dirac cones, the nodal line exhibits an energy dispersion of 0.18 eV.
We investigated the origin of the nodal line and found that the edge states play an important role in the formation of the nodal line. Breaking time reversal and inversion symmetries can split the nodal line, but cannot open a gap. The nodal line is also very robust against perturbations and the presence of impurities.
